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Non-singular generalized state-space system

We study the non-singular generalized state-space system

Ex(t) = Ax(t) + Bu(t),  detE+0
y(t) = Cx(t) + Du(t),

where E,Ac C™", Be C™™ CeCP", DeCP*™ and
x(1),y(t), and u(t) are state, output, and input vectors
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System pencil

The associated system pencil to a non-singular generalized
state-space system is

A B E O
S.:[C D]_/\[O 0], detE #0 J
S is feedback-injection equivalentto S if and only if
A B] [R R:|[A B|[S1 ©
C D| |0 ARs||C D||S: S3|’
E o] [R R:[E o][Si © =
o o-[5 &llS Sl[s &) @-mes

where det Ry -det B3 -det S - det S5 £ 0

Orbit: O(S) = {S that are feedback-injection equivalent to S} J
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Block direct sum

By the block direct sum of

A Bl [E 0 , [~ BT [E o
s-e &[5 of e o-[G 5[5 o]
we mean

,_|A®A" BeB EeE 0
55"[0@0' peD | 0o o0
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Blocking of system pencils
To define a blocking of
A B E 0
s<[¢ 5[5 o

we write Spm, Where p x mis the size of D

For example
[0 0 0 01 0 00 1|0
0 00 1|0 0 01 0|0
Si1=1 0 0 1 0|0 [-AX]O0O 1 0 0|0 |,
01 0O0]|0 1 0 0 00
100 0]0 00000
(0 0 O 1 00
1 0O 010
S10=lg 1 0| Mo o 1
0 0 1 000
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Canonical building blocks

(1 [1
Ji(p) = Al = e - ! . , ixifori>1,
| p | 1
r 1 I 1 0]
N; = AN = ] ’ - A 1 '0 ’ , ixifori>1,
| 1 10 |
0 1 10 T
G- \H; = - - A , jx(+1) forj>0
| 0 1 i 1 0]
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Canonical forms

Theorem 1 (Thorp '73)

Each system pencil S can be reduced by feedback-injection
equivalence transformation to a block direct sum of pencils of the forms

(Ji(k) = Moo, (Ni=AN)11, (Gi = AH)o1, (G = AH )10,
where i=1,2,...,andj=0,1,2,...

This sum is uniquely determined up to permutation of summands.
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Orbit stratifications

@ Given a system pencil and its orbit:
What other structures are found within its closure?

Stratification
The closure hierarchy of all possible system pencil orbits
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Orbit stratifications

@ Given a system pencil and its orbit:
What other structures are found within its closure?

Stratification
The closure hierarchy of all possible system pencil orbits

We use:
@ Graphs to illustrate stratifications

@ Dominance orderings for integer partitions in proofs and
derivations

See also next talk by Andrii! |

Stefan Johansson et al. ILAS 2014, Aug 6-9, Seoul



Orbit stratifications — some previous results
@ Matrix pencils under strict equivalence

Oe(A-XE)={P Y (A-\E)Q: det P-det Q+ 0}

and matrix pencils. Part |: Versal deformations, SIAM J. Matrix Anal. Appl. 18(3):653-692 1997.

A. Edelman, E. Elmroth, B. Kagstréom, A geometric approach to perturbation theory of matrices
SIAM/SIAG Linear Algebra Prize 2000 J

and matrix pencils. Part II: A stratification-enhanced staircase algorithm. SIAM J. Matrix Anal.

A. Edelman, E. Elmroth, B. Kagstrém, A geometric approach to perturbation theory of matrices
Appl., 20(3):667—699, 1999. J

@ Controllability and observability pairs under feedback equivalence

P 0
R Q

A-)\E P R|[A-\E
OFE([ c D:{[O QH C ]P-detT.detP.dethtO}

E. Elmroth, S. Johansson, B. Kagstrém, Stratification of controllability and observability pairs —
theory and use in applications. SIAM J. Matrix Anal. Appl. 31(2):203—-226 2009. J

Ore([A- \E /3]):{/3-1 [A-\E B][ ]:det T-det P-det Q+0
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Comparison of the canonical forms

Investigated pencils

Possible canonical summands

[A B]-A[E 0], detE+0,

(Ji(r) = Mi)oo, (Gj—AH))ox

[A E
_C]_/\[O]’ detE +0

(Ji(1) = Moo, (G] = AHT )10

(A B E O
_C D]_)‘[O O],detE;tO

(Ji() = Mi)oo, (Gj—AHj)o1,
(G] = AH )10, (Ni = AN) 15

Stefan Johansson et al.

Ji(p) = M, Gj— AH;,
GT < AHT, 1=~ \J(0)
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The Kronecker canonical form of system pencils

Any system pencil S can be written as

Ba®;(Jn, (1a) =l )00 8 Bj(Ng=ANgG ) 11 B 8s(Gr,~AHr, o (G| -AH] )10

To obtain the Kronecker canonical form (KCF) of S we need “to
substitute”

(Ji(w) =Moo —  Ji(p) = Al
(Ni-AND11 —  [i-)AJi(0)
(Gi-AHj)ot  — Gj-AH

(G/-2H )10 — G -2H

— @
Thus we get

®a®; (In, (1ta) ~Al,) ® 8(lg —\Jg (0)) ® &5(Gr, ~\Hy,) ® &1(G] -\H])
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KCF of system pencils

Theorem 2

There exists a system pencil S with the set of Kronecker invariants
(I}, {r}, {q} , and {h2} if and only if

PN EDNEDIONEDNCERVEL
> #h+ 2 #{aqiy = m,
> #nt+ Y ##Hait =p,

where #{x;} denotes the number of elements in the set {x;}.
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Versal deformations

_|A Bl |[E O W We| ([Ws W
S"[c D] A[o o]’ W‘[W3 W4] A[W7 W |
A deformation of a matrix pencil is versal if and only if it captures all
possible Kronecker Canonical form behaviors near the matrix pencil.

Versal deformation of a matrix pencil S (under strict equivalence) is

_(|A B Wy Wsl\ E O Ws 0
sepo=((6 of-[wt )5 o[ W)
where W, i€ {1,2,3,4,5,8} are matrices with arbitrarily small entries
(all independent from each other).
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Stratification of system pencils

Theorem 4

Let S and Q be two system pencils. Then there exist W, U and V such
that

Uy Usp A B . W, Ws Y E O . Ws Ws Vii. Vio -0
Usy U c D We W, 0 O Wy Ws Voy Voo

if and only if there exist W', U’ and V' such that

Uy Upl([A B], [wi ws] ([E o] [ws o© Vi4 01_¢
0 Up|\lc D" [ws W 0 0[]0 O]))[ Ve Vs
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Proof of Theorem 4: Necessity

Uy Uz A B . W, Ws 1\ E 0 . Ws Ws Vii, Vi -0
Ut Uz c D We W, 0 0 W, We Vor Ve

By miniversal deformations

seeome<([¢ o+ [ug wi]) (6 o[ )

Lemma 5 (Horn & Johnson, Matrix analysis, '85)

Let X e C™" PeC™™ rank(P)=m,and Qe C™" rank(Q)=n
then rank(X) = rank(PXQ).

sow=([8 8] [t wl) (5 oJ-[% 3)
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Proof of Theorem 4: Necessity

U Upl([A B], [wr wil _ ([E 0] [Ws o]\|[Vii Vie] g
Uy Uplllc DT W wy o o|f7[o o Vo Vi

Lemma 6 (de Hoyos '90, Garcia-Planas & Magret '01)

Two system pencils with non-singular E, are feedback-injection
equivalent if and only if they are strictly equivalent.

Therefore U, =0 and V{, =0
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Stratification of system pencils
Theorem 4 (Reformulated)

Let S and Q be two system pencils. There exists a sequence of
non-singular matrices

(k) (k) (k) (k)
{U(k) _ [U( h U(k):| v |:V1(1k) V1(%):|}, such that
Uzi” Uz Var' Vo

uogy® 5 s

if and only if there exists a sequence of non-singular matrices
, (k) (k) (k)
Uk - [Un U]gk)], V') = [V,(k) ’(zk)] , such that
0 U, V. Voo

URogv'® s,

R R EEEEE————————Smm————
Stefan Johansson et al.
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Orbit stratification of 3 x 3 matrix pencils

J2(#1) + J1(p2) J1(k1) + Ji(p2) + J1(es) J2(p1) + Ny J1(p1) + Ji(p2) + Ny Na + J1(p1) N3

Ja(p1) + J1(u1) 271 (k1) + J1(p2) ) Nz + Ny

Lo+ LT + Ji(u) Ly + LE + Jy(u1) Ly+LT +N; Lo+LT +N;
— [ >
Lo+ LE + J2(u) Lo+ L§ + Ji(w1) + J1(u2) Lo+ LE +J1(m) + Ny Lo+L§ + N2
3J1 (k1) 3Ny
/

Lo + LY +2J1(u1) 2Lo+ LT + L Ly +Lo+2Lf Lo+ L§ +2Ny

| T

2Lo + 2LE + J1(n) 2L + 2L + N1
/
3Lo +3LY

Remark: Finite and infinite eigenvalues are handled separately
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Orbit stratification of (2+1) x (2 + 1) system pencils

Ja(p1) + Ji(p1) 271 (81) + J1(p2)

3J1 (k1)

(
Lo+ LT +2J1(u1) 2L+ LT + LT Ly + Lo +2L% Lo+ L +2Ny

2Lo + 2LE + J1(n) 2Lo + 2L + N1

/

3Lo +3LY

Rules for obtaining all the closest neighbours
(cover relations) in the hierarchy are derived too

As done in our earlier work!
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Weyr characteristics

With S we associate the set of structure integer partitions
R(S),L(S),N(S),and {7, (S):i=1,...,d}:
@ For each distinct 1; we have 7,,(S) = ({7, hy',...) : i/ is the
number of Jordan blocks of size greater than or equal to k
@ N(S) =(ny,ng,...): ngis the number of N - AN’ blocks of size
greater than or equal to k
@ R(S)=(r,n,...): rg is the number of G- AH blocks of size
greater than or equal to k x (k+ 1)
@ L(S)=(l,k,...)): Ik is the number of GT - AHT of size greater
than or equal to (k+1) x k
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Minimal coin moves

St=ds(p)B3(p)Bh(n)BNy  Sp=da(p) BJ2(p) BJ1 (1) BNy

JM(S1) = (37272): jM(SZ) = (3a25171):
N(S1)=(1): N(S2)=(1):

= Dominance ordering of integer partitions
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Orbit stratification of (2+1) x (2 + 1) system pencils

o
File Graph View Qptions |

Des B & @ P <

StratiGraph - 2

Ja(Hy

. i)
L~
. A
7 [LueLTu$J1(H1) ] [LUQ’LE &Ji(w) 8J1(H,) ]
-+

J L@ L5 @2J;(uy)

e —) v

State-Space System; Orbit 2 states, 1 input, 1 output

| ——rr + 155%

StratiGraph: Java Software tool for computing and presenting the
stratifications of orbits
B. Kagstrém, S. Johansson, P. Johansson, StratiGraph Tool: Matrix Stratifications in Control

Applications, In L. Biegler, S. L. Campbell, and V. Mehrmann (Eds.): Control and Optimization
with Differential-Algebraic Constraints, ch. 5, pp. 79—103, SIAM Publications, 2012.
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A(2+1)x(2+1) example

1 1
mC A 0 R,C

S = 0 _h oy 1
’ T

_1 1 T

Ry Ry

Example from Linear Systems by P.J. Antsaklis and A.N. Michel, 2006
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Investigation through stratification
+ o, + B

— 1
L S=| o0 BRI
_1 1 T
—— 20,() DN Ry Ry
P Y2 SR L6 156 J) In general:
. mET  moaoaomy — Thesystemis controllable and.
- observable, where S has two different

o Sl eigenvalues o and /3 (transmission zeros

of the system {A, B, C, D})

o0— o0— Ly
P L® Jy () P LY@ Jy(p)
—— lLaeaJI(i Oh)] (L@ hw)] u [0l ohe)] [HEo%m)]

P LoD 273 (1) I Lo® 2J;(p)

Controllability pair Sg = [A- Al B] | Observability pair So = [A p )\l]
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Investigation through stratification
+ o, + B

Il N Ti(4) © i) N 1 1
L @ L) AiC RO mC
— 1
o S= 0 BRI
_1 1 T
P 20,(1) 1y i i
P 7=y =N AT 1.6 06 Ji() If RyR-C =L and Ry # Ry:
« = —Ry/L is controllable and observable;
R P Y 7R AT (L& L& Ji() & Ji(1s) ] .
+ B = —Ry/L is uncontrollable and

— unobservable (8 is an input-output
decoupling zero)

o0— B 0— B
T L® Jy(th) N LY@ Jy(p)
u— [Laaafloi hl)] (Lo Ja(w)) u (ol ehw)) [HEohm)]

6 LoD 273 (1) P Lo® 2, (p)

Controllability pair Sg = [A- Al B] | Observability pair So = [A p )\l]
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Investigation through stratification
+ o, + B

o ] LN S 0 AT

_ 1
. s=| 0 -%-x g

_1 1 T
u— 27,(1) BN, Ry R
P 7=y =N AT 1.6 06 Ji() If RyR-C =L and Ry # Ry:
. @35S oo Controllability and observability [le:
=+

are not invariants under
feedback-injection equivalence!

' -

9 Lo L& 2J (1)

o0— B o0— B
2 Li® Jy() 2 Li® Jy (k)
u (L@ hm) 0] (L@ T()] a— ILEeafloi EXATS) R V7 VAT

6 LoD 273 (1) P Lo® 2, (p)

Controllability pair Sg = [A- Al B] | Observability pair So = [A p )\l]
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Investigation through stratification
a=p + +

2 1 1
2 Tl “RC RO R C
1
_1 1 T
i 27,() &N, P R
P 7=y =N AT 1.6 06 Ji() If RyR-C=Land R=R; = Rx:
« =-R/L is observable but uncontrollable
g ([Lede k)] (Lo® L& Ji(wn) & J(1s) ) . . .
= (input-decoupling zero);

o B =-R/L s controllable but unobservable
(output-decoupling zero)

o0— é o o0— B
2 Li® Jy() 2 Li® Jy (k)
a (Lo Jloi hl)] (Lo Ja(w)) u (ol ehw)) [HEohm)]

6 LoD 273 (1) P Lo® 2, (p)

Controllability pair Sg = [A- Al B] | Observability pair So = [A p )\l]
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